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ABSTRACT 
The flow of water over highway embankments occurs when flood dis-
charges exceed the combined capacities of bridge and culvert waterways. As 
an overflow structure the embankment is a form of broad-crested weir. De-
pending on the rate of flow, the roughness of the surface, and the relative 
height of the tailwater, the discharge over an embankment may be described 
as "free", "submerged", "plunging", or "surface" flow, the last two being 
sub-classifications of free flow. 
The discharge characteristics of an embankment can be related to the 
theoretical equation of discharge for broad-crested weirs. Because the con-
ditions assumed for its derivation are never actually satisfied, however, a 
practical equation involves experimentally determined coefficients. A 
semi-analytical, free-discharge equation is 
# 
q = 3o09 (1 - | &•) H3/2 (19) 
n 
where (cTp) ̂ s *ne discharge-displacement, boundary-layer thickness at the 
crown of the roadway. This equation is of general significance only to the 
extent that ((£«) can be computed for all shapes, sizes and roughnesses of 
embankmentso No general, analytical expression for the influence of tail-
water submergence is available. 
It was the purpose of this thesis to investigate the discharge char-
acteristics of highway embankments« Emphasis was given to free discharge 
over smooth-surfaced embankments. Experimental data from two previous in-
vestigations were re-analyzed and included with the results of the writer's 
ix 
experiments on a ls9-scale model of a typical embankment. Considerable 
data were collected on the external characteristics of the flow pattern, 
including the transition phenomena which relate the various flow regimes. 
Empirical relationships which describe the influence of roughness and tail-
water submergence were obtained. 
The derivation and experimental substantiation of equation 19 was the 
principal objective of the writer's investigation., It was necessary, there-
fore, to review the theoretical considerations involved in the growth of 
turbulent boundary layers in accelerated flows with convective pressure gra-
dients0 The evaluation of ( 6*) in equation 19 depends on the experimental 
determination of certain characteristic parameters in the boundary-layer 
growth equationo From the results of the writer's experiments it is ap-
parent that additional data pertaining to these parameters is needed (a) 
to define the magnitude and nature of the influence of the separation zone 
which forms at the intersection of the upstream embankment and shoulder 
surfaces, (b) to establish the virtual origin of the boundary-layer, (c) 
to determine an integrable expression for the convective-acceleration term 
of the boundary-layer growth equation, and (d) to describe the influence 
of boundary roughness. 
It was established that the convective acceleration over the embank-
ment can be described by a simple analytical expression« It was also de-
termined that, over most of the upstream portion of the top of the embank-
ment, the velocity distribution in the boundary layer can be described by 
a 1/7-power equation., Whereas data are lacking for establishing the gen-
eral validity of equation 19, it was remarkably well substantiated for the 




Description of the Problem.—This investigation is concerned with certain 
aspects of the fluid mechanics of the flow of water over highway embank-
ments. It includes an exploration of theoretical considerations and the 
results of a limited experimental investigation of a particular form of 
highway" embankment. Among the many aspects of the whole problem which 
have been excluded, therefore, are the influence of many geometrical var-
iables which characterize both the embankment and the adjacent channel 
reaches. Detailed consideration of erosion characteristics and their al-
leviation is also excluded. 
The flow of water over highway embankments occurs when flood dis-
charges exceed the combined capacities of bridge and culvert waterways. 
The hydraulic engineer is interested principally in two problems which re-
sult from this occurrence: (1) the determination of the peak flood flow, 
and (2) the design of measures to protect the embankment from destructive 
erosion• The solutions for both these problems depend on knowledge of the 
discharge characteristics of the embankment. Agencies responsible for the 
collection and compilation of stream flow records, such as the UoS„ Geolog-
ical Survey, have been especially concerned with embankment hydraulics. 
More recently, however, similar problems have occurred in design offices 
in connection with new highways located in the extensive swampy areas of 
the Southeastern states. Here the problem is associated with the economic 
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question of constructing many miles of roadway to a level which would sel-
dom, if ever, be overtopped—or of building the highway to a level which 
could be overtopped without excessive damage. 
As an overflow structure, the highway embankment is a form of broad-
crested weir. The normal range of boundary conditions and flow conditions 
embraces several regimes of flow. At low heads, boundary-layer influence 
is dominant. At high heads and "free" discharge, boundary-layer influence 
is negligible and form effects predominate. For all conditions of free 
discharge the embankment acts as a control. For the condition of high tail-
water and "submerged" discharge, however, the tailwater is the control. 
The flow pattern in general is characterized by curvilinear, accelerating 
and decelerating flow, boundary-layer growth under conditions of non-uniform 
pressure gradient, and non-hydrostatic pressure distribution. It follows, 
therefore, that a comprehensive analytical solution is impossible. 
The Basic Embankment Section.—The basic highway embankment cross-section 
assumed for this study is shown in figure 1. In this definitive sketch, 
(P) is the total height of the embankment; (L ) is the width of the shoul-
8 
der; (L ) is the width of the roadway; (S ) is the slope of the embankment; r e 
(S ) is the slope of the shoulder; and (S ) is the slope of the roadway, 
5 X 
In addition, (e) is the absolute roughness of the embankment surfaces. 
Such a simplified description of the embankment form is based on the fol-
lowing assumptions: (l) The embankment surface, shoulder surface, and 
each half of the roadway surface are planes, (2) the cross-section is sym-
metrical about the vertical centerline, (3) the plane surfaces upstream 
and downstream from the embankment are horizontal and smooth, and both 
3 
surfaces are at the same elevation, and (U) the crown of the roadway is 
horizontal and perpendicular to the line of flow. 
The primary variables required to describe the flow of water over 
the embankment are shown in figure 2. These include: (h), the piezomet-
ric head of the upstream water surface measured with respect to the crown 
of the roadway; (t), the piezometric head of the downstream water surface 
with respect to the crown; and (q) the discharge per foot of length of the 
roadway. 
General Analysis of the Problem,—The variables describing the boundary 
and flow characteristics of the basic embankment section are defined in 
the preceding section. The fluid properties involved in the discharge 
function are (V), the specific weight; (/?), the density; and ( A ) , the 
viscosity of the fluid. An expression which contains all the variables 
is: 
% ( P, Ls, V
 Se> Ss> Sr> e> h> *' ̂ ^ V ' / * } * °* (1) 
As there are three independent dimensions and thirteen variables in equa-
tion 1, a maximum of ten independent dimensionless ratios can be formed, 
V<f*iJ» V V V i ' ^ . E ' ^ p - . ^ "6 « 
Recognizing that the last ratio in equation 2 is a form of the Reynolds 
number (R) and that the next to the last ratio is a form of the Euler 
number or a coefficient of discharge (C), it follows that 
c~ q/ T/Ih3/2 - f. ( |, £ , a ss, sr, I, X , I, i ) (3) 
h 
Scope of the Investigation,,—>For all of the tests summarized in this the-
sis the shape of the embankment section was held constant. Values of L , 
s 
L , S , S , and S shown in figure 1 were based on a design for secondary 
r e s r 
bituminous-surfaced highways used by the Georgia Highway Department in 
19h7• For these tests, therefore, 
c • *k ( I' I • f • 5 » 5 ) (W 
r 
For all but one series of tests made by the writer, (P) was also constant. 
Three values of (e) were included in the tests. It should be observed 
that, for free-discharge conditions, the ratio (t/h) is insignificant and 
(R) is proportional to (q). 
The tests completed in 19U7-19U8 were made in a three-foot-wide 
flume on a ls6-scale model of the embankment section. Tests completed in 
19h9 were made in a l£-inch-wide flume on a lsl2-scale model. Tests made 
by the writer were performed in the three-foot flume on a ls9-scale model. 
In each case the maximum discharge was determined by the capacity of the 
circulating water system. 
Tests made on the ls6- and lsl2-scale models were largely concerned 
with the definition of the discharge coefficient for both free-and sub-
merged-flow conditions. Considerable information regarding the shape of 
the water-surface profile and the definition of the several distinct flow 
regimes was obtained from these tests0 Some data on the effect of rough-
ness and a small amount of data on the velocity distribution over the 
roadway were also obtainedo The results of these tests are described in 
a subsequent section. 
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In the writer's experimental program, greater emphasis was given 
the problem of defining the internal characteristics of the flow pattern. 
This involved, principally, an investigation of the boundary layer and 
its influence on free-discharge characteristics., In addition, limited 
data were obtained on the influence of submergence, roughness, and road-
way height, and on the conditions which define the various flow regimes. 
Important topics of study which were necessarily omitted because 
of lack of time included: (l) the influence of the boundary layer along 
the side walls of the experimental flume, (2) the influence of the bound-
ary layer on the transitional phenomena associated with the different flow 
regimes, including submerged flow, (3) the influence of major variations 
in embankment shape, and (k) additional data on the effect of roadway 
height and roughness. 
Review of the Literature»—-The only research publication on embankment hy-
draulics which is known to the writer is a paper by D0L. Yarnell and F„A. 
Nagler (l)0 This research was primarily concerned with the flow of water 
over railway embankments., A limited number of tests was made on flat-
topped embankments with the rails removed., The data presented consisted 
primarily of discharge coefficients for both free and submerged discharge. 
Scatter in the data indicates questionable accuracy., Internal character-
istics of the flow pattern were not investigated. 
Because the highway embankment is logically classified as a form 
of broad-crested weir, the literature in this field also is pertinent to 
the writer's investigation. The works of Bazin and others have been sum-
marized by Horton (2)Q Other publications of importance are those by 
Woodburn (3) and Prentice (U)° Most of these papers are concerned 
6 
principally with the empirical evaluation of the discharge coefficient. 
Prentice, however, obtained valuable information on the distribution of 
velocities and pressures outside the boundary layer. 
Ippen (£) suggested a method of correlating model tests on broad-
crested weirs by taking into account an estimated boundary-layer thickness 
on the sides of the flume as well as the surface of the weir» He attempted 
with partial success to apply his analysis to Woodburn's data. 
The most extensive investigation of the discharge characteristics 
of highway embankments was that performed in the Hydraulics Laboratory of 
the Georgia Institute of Technology in 191*7-191*9. As the research for 
this thesis was largely an outgrowth of the previous investigation, a 
brief history is given below„ A summary of the unpublished results is 
given in Chapter II. 
History of Previous Research at Georgia Tech.—-Research at the Georgia 
Institute of Technology on the hydraulics of highway embankments was be-
gun in November 19i;7o The original project was initiated when representa-
tives of the Georgia Highway agreed to participate with the Institute in 
a jointly sponsored investigation under the direction of Professor C0E. 
Kindsvater. The services of Mre R.Lo Chapman were a major contribution 
of the Highway Department to the first phase of the worko The tests made 
by Mr. Chapman (Series A) included water-surface profiles, discharge cal-
ibrations, and velocity distributions on a ls6-scale model of the embank-
ment shape described above. This series of tests was completed in Decem-
ber 19k70 
Series B and C tests on a rebuilt version of the ls6-scale model 
were begun in April 19U8 by graduate students CQJ. Chi and H8Ro Henry. 
7 
These tests were made to check and extend the work performed in Series A. 
Test Series C was completed by Mr8 Chi in July 1?U8. 
In February 191+8, Mr0 H0Y0 Lu, graduate student, began the Series 
D tests on a l:12-scale model of the embankment. The purpose of his tests 
was to determine the effect of model scale and roughness* The work was 
terminated unfinished in June 19U9. 
A summary of the results of test Series A to D, inclusive, is con-
tained in the following section. 
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CHAPTER H 
SUMMARY OF PREVIOUS RESEARCH AT THE 
GEORGIA INSTITUTE OF TECHNOLOGY 
Scope of Previous Investigations„—The research discussed in this chapter 
was performed intermittently in the period 19l*7 - 19li9° The first series 
of tests, Series A, was intended to define the general characteristics of 
the flow pattern, with emphasis on the experimental evaluation of the dis-
charge coefficient in the weir equation. Series B and Series C tests were 
performed to check and extend the results obtained in Series A. All three 
series were performed on a ls6-scale model of the basic form described in 
Chapter I and shown in figure 1. Test Series D was performed on a 1:12-
scale model of the same form. These tests, terminated in 19h9t were in-
tended to define the effect of model scale and to extend the scope of the 
previous investigation. Series A and Series B tests included measurements 
of surface profiles in addition to the measurements pertinent to calibra-
tion A limited number of velocity-distribution measurements were in-
cluded in the Series A tests, 
Description of the ls6- and 1:12-Scale ModelsB—The tabulation on figure 1 
gives the design suggested in 19U7 by the Georgia Highway Department as a 
typical section for a secondary, bituminous-surfaced highway. The height 
of the embankment (P) for all tests in Series A to D, inclusive, was 10o£ 
feet (prototype units)o The original ls6-scale model was built on a 
framework of wood, covered with masonite (Series A and C) or aluminum 
(Series B) 0 The lsl2-scale model was built on a metal framework with an 
9 
aluminum surface«. For Series A and G the surfaces made of tempered mason-
ite were hydraulically rough because they were installed with the checker-
ed side of the masonite exposed. In Series B and D the surfaces were hy-
draulically smooth because they were made of polished aluminum plate. 
Figures 3 and k show the 1:6- and lsl2-scale models. The masonite sur-
faces in Series A proved to be very unsatisfactory because of excessive 
changes in dimensions when wetted. The surfaces became quite irregular, 
and gages had to be zeroed frequently. 
In Series A the discharge was measured with a calibrated sharp-
crested weir. In Series B and C a calibrated bend meter was used for the 
discharge measurements» A bend meter and orifices of four different sizes 
were employed in Series D. The maximum flow for the 1.6-scale models was 
5»1 cubic feet per second in a flume three feet wide (q = 1«7 cubic feet 
per second per foot)0 The maximum flow for the l*12-scale model was 1«8 
cubic feet per second in a flume fifteen inches wide (q - loll cubic feet 
per second per foot),, Hie velocity distribution upstream from the models 
was irregular, but similar, in both flumes. High-velocity surface cur-
rents existed at high discharges. 
Surface profiles were determined with a point gage, velocities with 
a pitot-static tube. Headwater and tailwater levels were measured with 
hook gages located over stilling wells connected to floor manometers. 
A summary of the model characteristics involved in Series A to D, 
inclusive, is given in table 1. 
Table 1„ Summary of 19h7-19h9 Tests 
Series Scale Surface Height (P) 
A 1.6 rough (masonite) 10o£ ft (prototype) 
B ls6 smooth (aluminum) M 
C ls6 rough (masonite) n 
D lsl2 smooth (aluminum) " 
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Description of the External Flow Patterns.—An important contribution of 
the 19h7-19h9 tests was a classification of the different flow patterns 
which characterize the flow of water over embankments., Doubtless the most 
important classification is that which divides "free" flow from "submerged" 
flowo Free flow occurs when the embankment acts as a control section„ 
This condition is associated with low tailwater levels» Submerged flow 
occurs when the discharge is controlled by the tailwater level* This con-
dition, obviously, is associated with high tailwater levels» The transi-
tion point between free and submerged flow has been described as "incipient 
submergence s" 
Important sub-classifications of free flow were suggested by the 
early tests• It is generally recognized that free flow is sometimes char-
acterized by the occurrence of a high-velocity, plunging jet at the down-
stream side of the embankmento At other times the high-velocity jet oc-
curs on the surface of the tailwater. These "plunging" and "surface" flow 
patterns are illustrated on figure £. It is not generally known that the 
transition from surface flow to plunging flow, and vice versa, occurs 
within a well-defined range of tailwater levels. Although the tailwater 
level at which the transition occurs in any one instance is clearly de-
fined, it is critically dependent on the history of the changing flow pat-
tern. In other words, if the flow is initially plunging and the tailwater 
is low, the plunging flow pattern will persist as the tailwater level 
rises to an "upper tailwater limit" before changing suddenly to surface 
flow. On the other hand, if the tailwater is initially high and the high-
velocity jet is on the surface of the tailwater, this condition will per-
sist as the tailwater drops to a "lower limit" before changing to plunging 
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flow. The stability or persistence of the flow patterns within the trans-
ition range is related to the inertia of the rollers which occur down-
stream from the embankment and which are shown on figure 5. 
Figures 6 and 7 show complete water-surface profiles for typical 
tests illustrating the various flow regimes described above. The transi-
tion range marking the tailwater level limits within which free discharge 
can be either plunging flow or surface flow is designated on figure 7 by 
profiles marked (c) and (d). Figures 8 and 9 include photographs of the 
changes in the flow pattern near the downstream shoulder during a sequence 
of rising and falling tailwater levels. Figure 10 shows test data which 
illustrate the well-defined transition range for plunging and surface flow 
from Series B and D tests• Figure 11 shows the ratio of the nominal com-
puted critical depth, y . to the depth of tailwater, t , measured with re-
c s 
spect to the level of the downstream edge of the shoulder at the upper 
limit of the transition range. The critical depth is defined by the equa-
tion 
y0 - if, (5) 
wherein it is assumed that the flow is two-dimensional and the pressure 
is hydrostatically distributed in the vertical section. 
Figure 12 shows, for free-flow conditions, the ratio of the criti-
cal depth to the depth of flow at the crown of the roadway, y?. It ap-
pears that, in general, the depth at the crown is nearly equal to the 
nominal critical depth. 
Free Dischargee—For free-discharge conditions the embankment acts 
as a control, and critical depth occurs on the roadway near the crown. 
12 
It follows that the theoretical discharge equation for flow over broad-
crested weirs can be used as a basis for analyzing the one-dimensional 
discharge characteristics of the embankment. This equation is ordinar-
ily written, 
q = 3.09 H3/2, (6) 
where (H) is the total energy head measured to the control section, here 
taken to be the crown.. The derivation of equation 6 is based on the as-
sumption of potential flow (zero viscosity, no head loss), uniform veloc-
ity distribution, and hydrostatic pressure distribution. Thus, the total 
head is defined as 
2 2 
H = h + ̂ - = h + 2 (7) 
2 g 2g (P * h) 2 
As these conditions are never actually satisfied when real fluids flow 
over broad-crested weirs, a practical form of equation 6 is, 
q " C H3/2, (8) 
where (C), which depends on the form and roughness of the weir as well as 
the influence of viscosity, is determined by escperimento Equation 8 was 
used for the analysis of the free-discharge tests run in Series A to D. 
The unit discharge (q) in this equation was taken to be equal to the total 
discharge (Q) divided by the width of the flume (B). Figure 13 shows the 
results of these tests« Dashed portions of the curve drawn through Series 
A data were subsequently shown to be in error because of errors in dis-
charge measurementso The trend shown by the check tests (Series G) is 
believed to be correct for this model,, The difference between the curve 
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for Series B and that for Series A and C can be attributed to the influ-
ence of roughnesso The decreasing positive slope of all the coefficient 
curves is believed to represent the decreasing influence of boundary re-
sistance with increasing heads. The coefficient of discharge is plotted 
against the unit discharge in this figure because, for a given model and 
a given fluid, (q) is proportional to the Reynolds number (R). 
Submerged Discharge«—For submerged flow over broad-crested weirs a satis-
factory theoretical analysis has not been developed. In this report the 
influence of submergence is related to the submergence ratio, t/h, as de-
fined in figure 20 The effect of submergence is represented by the ratio 
of the coefficient of discharge to the corresponding coefficient of free 
discharge for the same value of (q)e In this instance, the coefficient 
is defined by the simple equations, 
q - C fh f3/
2 - CshB3/2, (9) 
where the subscripts (f) and (s) refer to the corresponding free and sub-
merged-flow conditions for a given value of (q)» Thus, the ratio of (C ) 
s 




Figures Ik* lf>, and 16 show the results of submergence tests made 
in Series A, B, and D„ 
Accuracy of Data„—All measurements made for tests performed during the 
19U7-19U9 period can be assumed to be reasonably accurate except the 
c r** i s f 
e f h 
L s . 
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discharge measurements for Series Aa Inaccuracies revealed by subsequent 
investigations were remedied before tests in Series B and C were made. 
The model used for the Series A tests caused considerable difficulty be-
cause of surface distortion and dimensional changes,, It is believed that 
this difficulty was largely overcome by the frequent determination of gage 
zeroes to prevent errors in elevation measurements. Nevertheless, the 
greater scatter in the data for this series reflects the inherent inade-
quacy of the first model set-up. 
Because of its small size and certain construction details which 
were included as a result of the earlier experience, the model for Series 
D was generally superior to the ls6-scale models <, Superior instrumenta-
tion, too, partly accounts for the better accuracy which is believed to 
characterize the Series D tests. 
Velocity traverses were taken in the three-foot flume with the 
model removed after completion of test Series C. The measurements indi-
cated a distorted velocity distribution in the flume, with high velocities 
in the upper half and low velocities in the lower half of a section taken 
on the longitudinal centerline0 In order to achieve similarity, the ve-
locity distribution for the Series D tests in the l£-inch flume was made 
similar to that in the three-foot flume0 The peculiar characteristics 
of the velocity distribution for all tests made in the 19^7-19h° period 
can be expected to influence the results • The magnitude of this influ-
ence is indicated indirectly by comparisons of the writer's results with 




Free Discharge.—In the foregoing section the highway embankment is de-
scribed as a form of broad-crested weirB For free-flow conditions it is 
assumed that critical depth will occur on the roadway at the crown. Igno-
ring the influence of boundary resistance and curvilinear flow, further-
more, equation 6 is a convenient one-dimensional equation of discharge, 
When real fluids flow over real embankments, however, the effects of 
boundary geometry and surface resistance require that this theoretical 
equation of discharge be modified. Equation 8, therefore, was defined 
as a practical discharge equation in which (C) for a particular form of 
embankment is a function of the geometric and fluid property variables 
represented by P/h, e/h, h/L , and R in equation U, It is usually neces-
sary that (C) be determined by experiment. 
An alternative independent and practical expression for the dis-
charge over an embankment is 
q = 3o09 k H3/2, (11) 
where (k) is the ratio of the true discharge to the theoretical discharge 
given by equation 6, From equations 8 and 11, 
k = 3^09 ' ^ 
It follows that (k), like (C), is a function of boundary form, boundary 
roughness, and fluid viscosity, 
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The coefficient (k) is dependent on boundary form for two principal 
reasons. Equation 6, to which (k) is related by equation 11, is derived 
on the assumptions that the flow at the crown of the roadway is critical 
(specific energy is a minimum) and parallel (pressures are hydrostatically 
distributed in the vertical cross-section). Within the range of conditions 
tested on the basic embankment form used for this investigation, both of 
these assumptions appear to be substantiated to a remarkable degree (see 
figure 12, for example)„ However, because only one shape has been inves-
tigated it is assumed that, in general, the influence of boundary form 
must be evaluated experimentally. 
The combined effects of boundary roughness and fluid viscosity are 
related to boundary resistance and energy losses due to internal shear0 
One of the important characteristics of real fluid flow which is associ-
ated with these influences is the existence of a growing boundary layer 
across the surface of the embankment and, therefore, a velocity gradient 
in vertical sections <, Of particular interest in this connection is the 
concept of the discharge-displacement, boundary-layer thickness (5 ). 
In figure 17 (5 ) is the nominal total thickness of the boundary 
layer, (U) is the uniform velocity in the potential region outside the 
boundary layer, and (u) is the mean velocity in the boundary layer at the 
distance (y) from the boundary,. If (q,) is described as the discharge in 
the boundary layer, 
(s 
% = u dy , (13) 
or, in terms of the potential velocity and the discharge-displacement 
thickness, 
qb - U (<5 - £*) . (lit) 
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Equation lU is a definitive expression for ($ ), which can be described 
as the distance which the boundary would have to be displaced to satisfy 
the equation of continuity if the velocity in the boundary layer were 
taken equal to (U). From equations 13 and lh, 
J* - f (1 - § ) dy , (15) 
•'o 
which can be evaluated only if an analytical relation exists between (u) 
and (y)0 The total discharge in any vertical section of total depth 
(y ) at a distance (s) from the nominal beginning of the boundary layer 
s 
is, therefore, 
q - n (y - <5*) . (16) 
The product (U y ) in equation 16 is the discharge which would oc-s 
cur at this section if there were no boundary layerj that is, if the flow 
were potential. In other words, (tJ y ) is equivalent to the theoretical 
s 
discharge over the embankment given by equation 6. 
The coefficient (k) has been defined as the ratio of the true dis-
charge to the theoretical discharge. It follows that, in terms of the 
total depth at the crown, which in figure 17 is designated section 2, 
k- Hyg "
 x" X • W 
Furthermore, if (yp) is assumed to be equal to 2/3 H, which is in agree-
ment with the assumption that critical depth occurs at or close to the 
crown, it follows that 
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Thus, equation 11 can be written 
3 St 3/2 
q - 3.09 ( 1 - f -jT ) H ' (19) 
JVom dimensional analysis it is anticipated that, for a given form of em-
bankment, 
T • f 5
 ( I • rr > 5 > • (2°) 
Equation 19 is preferable to equations 8 or 11 as a practical dis-
charge equation only if the assumptions made in its derivation are reason-
ably correct and only if ( £?) can be computed from theoretical consider-
ations o It follows that it is pertinent to review certain theories re-
garding the growth of the turbulent boundary layer in accelerated flow0 
The Boundary Layer in Accelerated MotionQ—The most practicable solution 
for the boundary layer on an embankment surface is derived from the so-
called von Karman momentum equation» An excellent review of the assump-
tions and operations involved in this derivation is given by Schlich-
ting (6)0 Von Karman"s equation is based on the application of the mo-
mentum flux principle to the flow in the growing boundary layer0 It 
presumes a hydrostatic normal pressure distribution and ignores the change 
in momentum due to the turbulence components of the total velocity„ As 
applied to the turbulent boundary layer, it constitutes a semi-empirical 
solution which has been reasonably well substantiated for flat plates and 
circular pipes„ 
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The von Karman equation is usually written 
_1°_ . de . _£* _e_ af ( » 
^ u 2 ds e } 2u
2 ds * ( 
where (7^ ) is the shear stress at the boundary, (s) is distance in the 
direction of the mean motion, and (6) is the momentum-displacement, bound-
ary-layer thickness, 
6 - U ( l - J ) d y . (22) 
-fc 
For intermediate values of the Reynolds number in open channels 
such as are involved in this investigation, experiments (7) (8) have in-
dicated that the velocity distribution is best described with an equation 
of the power form, 
S - (-^)" (23) 
If equation 23 is substituted in equations 1$ and 22, 
/ • rfr > ™ 
6 " (n + XK2 n + 1) = 2 n + 1 ' ( 2 5 ) 
and i t follows that the von Karman equation can be written 
r o s 1 i£ + ( 2 n • 3) _£ dÛ  ( „ 
" ^ 2 n + 1 ds ^ 2 n + 1 ; 2U2 ds °
 u o ; 
The left-hand member of equation 26 is a dimensionless shear co-
efficient which is ordinarily evaluated by semi-empirical methods based 
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on the assumption of a zero pressure gradient in the direction of motion. 
Granville (9) has shown that the sufficiency of these methods to approxi-
mate the shear in a flow with a convective pressure gradient depends only 
on the velocity distribution in the boundary layer. Rivas and Shapiro 
(10), furthermore, state that " ..„ in the region of (relatively) thin 
boundary layers the pressure gradient has a virtually negligible effect 
on the velocity profile and the rate of growth of the boundary layer*" 
It appears that, in the present instance, the influence of the pressure 
gradient on ( Y0 ) can be ignored« 
Within the intermediate range of values of the Reynolds number the 
boundary shear stress in smooth pipes and smooth flat plates with a zero 
pressure gradient is given by the empirical formula attributed to Blasius, 
TTr -0o2£ 9 
T0 = O0O22* (-2£-) /O U2 . (27) 
The numerical coefficients in equation 27 are based on a velocity distri-
bution which is given by equation 23 with (n) equal to l/7c Bauer (7) 
and Delleur (8) have substantiated the use of the Blasius equation and 
the l/7-power velocity distribution for flows in steeply sloping open 
channels and over broad-crested weirs. 
If the l/7-power assumption is extended to equation 2U, 
b* - 4- <28> 
and, from equation 27, 
r„ , I T 5 # . - ° » 2 5 
- 0.013U (-2i~) (29) 
/,U2 
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If equation 29 is substituted in the left-hand member of equation 26 and 
the l/7-power assumption is also used to evaluate the right-hand member, 
the von Karman equation becomes, 
(iTS* " dT" * 95oU ̂  F s °» (30) 
Within the limits of the assumptions made in its derivation equa-
tion 30 should be applicable to the boundary layer on the surface of smooth 
embankmentso However, it is not yet possible to integrate this equation to 
obtain {8 ?) in the discharge equation In the first place, the virtual 
origin of the boundary layer indicated on figure 17 is indeterminate „ The 
nominal origin, for convenience of reference and measurement, is taken to 
be the upstream edge of the shoulder» Actually, of course, a layer of fi-
nite thickness exists at the latter point0 Similarly, several uncertain-
ties are involved in the existence of a separation zone just downstream 
from the intersection of the upstream embankment and shoulder slopes * It 
is reasonable to assume that one effect of the separation zone is to ini-
tiate turbulence which would virtually eliminate the possibility of a lam-
inar boundary layer downstream from that pointo It can be anticipated, 
also, that the boundary layer will be displaced an amount approximately 
equal to the thickness of the separation zone* This would result in an 
apparent boundary-layer thickness in this zone which would be greater than 
the actual thickness» Furthermore, the velocity pattern and, therefore, 
the shear stress and rate of growth of the boundary layer are certainly 
influenced by the occurrence of the separation zone0 On the other hand, 
the flow in the region near the separation zone, and at the free surface 
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in the same section, is curvilinear—a condition which contradicts one of 
the basic assumptions in the foregoing derivations• 
A second major obstacle to the integration of equation 30 is re-
lated to the fact that the third member of the equation represents the in-
fluence of the convective acceleration over the embankment surface. It 
is apparent that the velocity gradient term in this member will depend on 
experimental evaluation. It is not apparent, however, whether the result 
will be an integrable function. 
It should also be observed that the derivation of equation 30 ig-
nores the influence of surface roughness. It follows, therefore, that the 
equation is applicable only to smooth surfaces 0 Lack of time and the re-
sulting paucity of data on the effect of roughness in the writer°s experi-
mental investigation make it impractical to extend the theoretical discus-
sion to this problem0 
As an indication of the integral equations which might define the 
limits of equation 30, two cases are considered? (l) The flow is assumed 
to be non-accelerated$ that is, dU /ds = 0, and (2) the velocity head in 
the zone outside the boundary layer is assumed to be directly proportional 
to the distance from the origin of the boundary layers that is, dU /ds • 
f\ 
U /so In both cases it is assumed that 6 = 0 when 8 = 0 , , 
Thus, if dU /ds • 0, simple integration gives 
<$* TT -0o20 
4 " - OoOl*62 (-gL) (31) 
On the other hand, if dU /ds * U /s, an approximate integration 
gives 
c* TT -0o20 
4 - = 0°019 (J!|_) . (32) 
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Submerged Pis charge 0 — The scope of the writer's investigation does not in-
clude a detailed stucty" of the internal characteristics of submerged flow. 
Much of what is said in the foregoing discussion pertains to both free and 
submerged flow, however. 
The method of analysis presented in Chapter II for the 19h7-19h9 
tests is also used for the analysis of the writerBs data0 In equation 10 
the ratio C /C„ is defined as a ratio which indicates the relative influ-
s x 
ence of tailwater submergence. From equation h» it is anticipated that 
this ratio is functionally represented by the equation, 
Q 
7T = f6 ( h > ? > l T ' h > £ ) ° (33) 
I r 
None of the ratios contained in equation 33 can be eliminated as 
independent variables unless the experimental results indicate that their 
influence is negligible„ In the presentation of the submerged-flow test 




General Arrangement<>—The laboratory tests for the writer's investigation 
were made in the Hydraulics Laboratory, School of Civil Engineering, Georgia 
Institute of Technology 0 The general arrangement of the experimental equip-
ment is shown in figures 18 and 19. The embankment model was located in 
an existing flume. Water was supplied to the flume from the laboratory's 
constant-head recirculating system. A gate valve in the 12-inch supply 
line was used to regulate the discharge. The maximum capacity of the water 
system at this location is about 6o0 cubic feet per second. 
The Flumeo—The flume used for this investigation is three feet wide, three 
feet deep, and thirty feet long from baffles to tailgateo Baffles required 
to produce a uniform flow in the flume consisted of link-wire fencing at 
the inlet, a low weir, two wooden and corrugated metal cribs, two expanded-
metal screens, and a surface float0 A hinged tailgate provided for con-
trol of tailwater levels„ Velocity profiles, measured at the upstream toe 
of the embankment, are shown in figure 20. 
Adjustable rails on the top of the flume provided a level support 
for sliding point-gage and pitot-tube carriages. 
The lgQ-Scale Model0—In order to be able to check and extend the results 
of the earlier tests the shape of the embankment section for the l;9-scale 
model was made the same as the ls6- and lsl2-scale models0 The prototype 
dimensions of the basic design are shown on figure 1. 
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The principal elements of the framework for the ls9-scale model 
were built of waterproof plywoodo The embankment surfaces were also made 
of plywood, but the shoulder surfaces and both halves of the roadway sur-
face consisted of separate, flat pieces of l/U-inch polished aluminum 
plateo The construction tolerance for elevations was OoOOl foot and the 
tolerance for surface lengths was 0o005 feeto 
False floors in the flume both upstream and downstream from the 
model provided for varying the relative height of the embankment„ Only 
two different heights were investigated in the writer's tests, however0 
Surface roughness was achieved by stretching a length of new lU x 
18-mesh standard bronze window screen over the complete embankment sec-
tion o The diameter of the wire from which the screen was made was 0o011 
incheso The sand-grain equivalent of this kind of roughness was not de-
terminedo Bauer (7), using a 16 x 16-mesh screen made of 0o010-inch di-
ameter wire, estimated that it had a roughness value comparable to that 
of rough concreteo Subsequent analysis by Bauer and Halbronn (11) indi-
cated that the effective roughness was somewhat less, however., 
Discharge Measurements0 —The rate of flow for all of the writer "s tests 
was determined from weighing measurements. The laboratory's main weigh-
ing tank is located below the flume in which the model was located0 It 
has a maximum water capacity of 1^,000 pounds, and it is equipped with 
automatic controls to move the diversion car, open and close the tank 
valve, and start and stop an electric time-interval clock0 The overall 
accuracy of the equipment is believed to be such that the discharge meas-
urements are accurate to about one-half of one per cent. 
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Piezometrie-Head Measurements„—The elevations of the headwater and tail-
water with respect to the crown of the roadway were measured with hook-
gages mounted over transparent stilling wells connected to wall or floor 
piezometerso The locations of the piezometers are shown on figure 18, and 
the hook gages mounted on the side of the flume are shown in figure l°o 
These gages were zeroed by means of an engineer's transit and a special, 
light-weight target rodo Both measurements are believed to be accurate to 
00001 footo 
Water-surface profiles were measured with a point gage mounted on 
a movable carriage„ This gage is shown on the left in figure 210 The 
headwater level, as measured by the hook gage, was used to zero the point 
gageQ Longitudinal stationing for the measurements was determined from a 
steel tape located adjacent to the slide rail on the top of one of the 
flume walls 0 The accuracy of the profile measurements depended on the ir-
regularity of the water surface at the station of measurement,, In general, 
however, it is believed that the surface elevations were measured to 
00002 feeto 
Velocity Measurements.—Velocities outside the boundary layer were measured 
with a pitot-static tube mounted on a sliding carriage„ This tube, which 
is shown on the right in figure 21, is a standard instrument in the Georgia 
Tech Hydraulics Laboratory,, Its outside diameter is 3/l6=dnch and the 
stagnation and static openings are located so that the coefficient of the 
tube is very nearly lo0o The air-water differential manometer used for the 
pitot-static tube is shown on figure 22. This manometer is of the zero-
displacement type, with back-lighted stainless-steel needles in glass 
tubes for positioning the menisci„ The smallest division on the vernier 
for this gage was 0o001 footo 
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The stagnation tube used for boundary-layer velocity measurements 
is shown in figure 23o The stagnation tip on this tube is a 22-gauge 
(Oo028 inches diameter) stainless-steel hypodermic needle. The vertical 
leg is a brass tube l/8 inch in diameter, backed up with a streamlined 
brass bar« The tube is mounted on a hook-gage frame. Accurate posi-
tioning of the tube was determined with a dial-type displacement gage at-
tached to the hook-gage staff. The smallest division on the dial was 
OoOOl inches. The depth-measurement gage zero for the stagnation tube 
was determined at each measuring station by setting the dial gage to read 
zero when the bottom of the tube was placed against the surface of the 
model without bearing any of the weight of the tube assembly,. The tip of 
the tube was accurately located in this position by means of a horizontal 
light beam focussed through the glass wall of the flume from a position 
opposite the observer and at an elevation just above the surface. The 
tube was positioned very sensitively by lowering it until no light could 
be seen between the needle and the polished surface of the model• The 
stagnation-tube staff was provided with a pivot mount in order that depth 
traverses could be taken in a section which was perpendicular to the sur-
face of the model at all stations.. 
The manometer used for the stagnation-tube measurements, shown in 
figure 2U, is essentially a zero-displacement point gage8 It consists of 
a back-lighted needle in a small glass tube mounted on a frame which uti-
lizes a precise vernier caliper for elevation determinations» The 
smallest division on the vernier corresponded to a difference in eleva-
tion of OoOOl incho The zero reading for velocity measurements with the 
stagnation tube was determined by comparison with the differential reading 
28 
obtained with the pitot-static tube in a uniform flow zone outside the 
boundary layer- It follows that the accuracy of velocity measurements in 




EXPERIMENTAL PROCEDURE AND TEST RESULTS 
Scope of the Is9-Scale Tests„—The writer's experimental program consisted 
of three series of tests, designated Series E, F and G, all of which were 
performed on the li9=scale model of the embankment section shown in fig-
ure lo These tests were intended primarily to extend the results of the 
previous tests0 Data were obtained which provide additional information 
on free- and submerged-flow discharge coefficients, the influence of sur-
face roughness, and the transitions between various flow regimesB It was 
the purpose of one series of tests to provide limited information on the 
influence of embankment height0 In addition, velocity measurements were 
made which furnish a limited amount of original data on the acceleration 
of the mean flow and the growth of the boundary layer over the roadway,, 
Some of the factors which influence the transition between plunging and 
surface flow were revealed in a few special tests. 
A summary of the principal model characteristics involved in Series 
E, F and G is given in table 2o 
Table 2„ Summary of the Is9-Scale Tests 
Series Surface Height (P) 
E smooth (aluminum) 10o£ ft (prototype) 
F rough (screen) 10„5> 
G smooth (aluminum) 5<>2£ 
The discharge equations in Chapters II and III were derived for two-
dimensional flowo In other words, (q) is defined as the discharge over a 
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typical one-foot length of roadway. The laboratory tests, on the other 
hand, were made in a three-foot wide flumeo It is acknowledged that the 
existence of a boundary layer at both wall boundaries and the possible 
existence of secondary flow over the roadway may result in an erroneous 
indication of the two-dimensional discharge characteristicsc Delleur (8), 
for example, has found such effects to be appreciable in broad-crested 
weir experimentso For most of the writer's tests, however, the aspect 
ratio (ratio of head to width of flume) was very small, and it is believed 
that the relative effect of these influences is small, Nevertheless, this 
is a topic which deserves attention in future investigations. 
Free-Pischarge Testso—Tests to determine the free-flow discharge coeffi-
cient involved the measurement of the headwater level and the discharge., 
The temperature of the water was also recorded for each testo The dis-
charge coefficient was computed from equation 8, wherein (q) was taken to 
be equivalent to the total discharge (Q) divided by the width of the 
flume (B)0 
Figure 2$ shows the results of the free-discharge tests for Series 
E, F and Gc In this figure (C) is plotted as a function of the unit dis-
charge because (q) is proportional to the Reynolds number (R)„ Thus, the 
shape of the curves indicates the relative influence of viscosity on the 
discharge function 
Submerged-Discharge Tests„—Tests to determine the effect of tailwater 
submergence involved the measurement of the tailwater level in addition 
to the headwater level and the dischargeo The results of the writer's 
tests, analyzed on the basis of equation 10, are shown in figures 26, 27 
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and 28 for Series E, F and G, respectively„ In each of these figures 
(C /C„) is shown as a function of the submergence ratio, (t/h)o A sin-
gle average curve is drawn through the test points on each figure. 
Description of the External Flow Pattern,—The writer's experimental pro-
gram did not include as many measurements of the external flow pattern 
characteristics as were involved in the previous tests. No complete sur-
face profiles were taken, but the observations required to define the var-
ious flow regimes indicated on figure 7 were made for a full range of test 
conditions in each series0 
The transition from free to submerged flow is designated the point 
of incipient submergence. In these tests, as in the previous tests, this 
transition point was determined by holding the discharge constant, grad-
ually raising the tailwater, and observing the tailwater level at which 
the headwater level first begins to rise due to submergence. The point of 
incipient submergence is well defined, and is the same for falling tail-
water as it is for rising tailwater levelsa On figures 26, 27 and 28 it 
is indicated as the intersection of the submergence curves with the line 
Cg/Cf = 1.0. 
The free-flow transition range, marking the limits of the plunging-
and surface-flow regimes, was determined visually. In a typical test, 
with discharge constant, the tailwater was gradually raised until plunging 
flow changed abruptly to surface flow0 The tailwater level at which this 
transition took place was recorded as the upper limit of the range0 The 
tailwater was then lowered slowly until surface flow changed to plunging 
flow. This is the lower limit of the range» Some of the distinctive 
characteristics of the changing flow pattern are shown in figures 8 and 9<> 
32 
The limits of the transition range for Series E, F and G tests are shown 
on figures 29 and 30o The ratio of the critical depth (y ) to the depth 
(t ) at the upper limit of the transition range is shown on figure 31° 
S 
The depth (t) is the depth of the tailwater referred to the level of the s 
downstream edge of the shoulder. A definition sketch is shown on fig-
ure llo 
Velocity Measurements, —Detailed velocity measurements were made for three 
different free discharges in Series E0 Additional measurements were made 
for one discharge in Series E and one in Series F, A summary of the prin-
cipal test conditions for these measurements is given in table 3« 
Table 3° Summary of Velocity-Measurement Tests 
Test Series Surface q y« Number of Traverses 
1 E smooth O0863 o292 6 
2 E smooth lo557 01A2U 6 
3 F rough 0o771 - 1 
U E smooth 0„lS£ o091 k 
$ E smooth Oo293 - 1 
All velocity measurements were made on a longitudinal section which 
was approximately on the centerline of the flumeo The longitudinal sta-
tioning for these measurements appears on the surface of the model in fig-
ure 21o The zero for the stationing was taken to be the junction of the 
upstream embankment and the shoulder„ The crown of the roadway, therefore, 
was at station lo670 Depth stationing for velocity traverses was referred 
to the surface of the model0 The procedure used to determine the zero 
readings for depth stationing is described in Chapter IV e Boundary-layer 
traverses were taken on a line which was perpendicular to the surface of 
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the model at each section„ Outside the boundary layer the tube was visu-
ally aligned to be approximately parallel to the flow for each measurement0 
Stagnation tube readings were converted to velocities by comparison with 
pitot-static tube measurements at corresponding points outside the bound-
ary layer. 
Detailed velocity traverses involved a complete stagnation-tube 
survey through the boundary layer and several pitot-static tube measure-
ments outside the boundary layer „ For tests 1, 2 and h, as shown on fig-
ures 32, 33 and 3U, detailed traverses were made at several stations be-
tween the upstream edge of the shoulder and the crown of the roadwayD For 
Test 29 two traverses were made at stations downstream from the crown. 
For Tests 3 and $ complete traverses were made only at a station near the 
crown of the roadways The measurements for Tests 3 and $ are shown in 
figure 3$o A summary of the velocity measurements outside the boundary 
layer for Tests ls 2 and k is shown on figure 36. 
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CHAPTER VI 
ANALYSIS AND DISCUSSION OF RESULTS 
Characteristics of the Boundary Layer,—The solution of equation 19 for 
free, two-dimensional flow over smooth embankments requires knowledge of 
the discharge-displacement, boundary-layer thickness at the crown of the 
roadway, <S?. Integration of equation 26 to get ( 6p)> on the other hand, 
requires (l) that the exponent (n) in the velocity equation be known, (2) 
that the virtual origin of the boundary layer be known, and (3) that the 
term which represents the influence of convective acceleration be known 
and integrable. The information required to satisfy these three require-
ments must be obtained from the results of experiments» These restric-
tions are added to the requirement that all the assumptions made in the 
derivation of the von Karman equation must be satisfiedo 
Figures 32, 33> 3k and 35 show the results of velocity traverses 
in the boundary layer on the surface of the embankment» Only the first 
three figures include enough stations to describe the growth of the bound-
ary layero Figure 35(a) shows a single traverse near the crown with the 
screen roughness on the surface of the model0 All other traverses were 
made with free flow over the smooth aluminum surface. Tests 1 and 2 
shown on figures 32 and 33 appear to substantiate the use of the 1/7-power 
velocity distribution except in the immediate vicinity of the separation 
zone at the upstream edge of the shoulder and in the region downstream 
from the crown., Test h, figure 3U> was made with a very low dischargee 
This test indicates a trend toward the l/7=power distribution which is 
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strangely contradicted at station lo60 Test 5, figure 35(b), shows a sin-
gle traverse at the same station and with a low discharge. The results 
of Test 5 indicate a probable error in the measurements made at station 
lo6 for Test U» 
On the basis of the limited data shown in figures 32 to 35, inclu-
sive, it is reasonable to assume that the velocity distribution over most 
of the roadway surface upstream from the control section can be represented 
approximately by the l/7-power equation. It follows that the von Karraan 
equation for the growth of the boundary layer can be expressed by equation 
30o 
Two major prerequisites remain before equation 30 can be integrated 
to obtain (S^)o The first of these is the knowledge of the virtual ori-
gin of the boundary layerQ There appears to be no satisfactory way to 
establish this point without knowledge of the theoretical form of the bound-
ary-layer growth curve o On the other hand, the form of the boundary layer 
depends on the second of the remaining prerequisites for integration, which 
is the knowledge of the convective acceleration in the flow outside the 
boundary layer,. These conflicting requirements lead to the conclusion 
that integration must be accomplished by a successive approximations pro-
cedure. 
Experimental data on the growth of the boundary layer are shown on 
figure Jl(a)„ In this figure the boundary-layer thickness is plotted as 
a function of the distance from the nominal origin at the upstream edge of 
the shoulder as shown on figure 170 The data plotted were obtained from 
the velocity profiles shown on figures 32 to 35, inclusive. The nominal 
boundary-layer thickness, <S , is taken to be the depth at which the vertical, 
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potential-velocity curve on these figures intersects the sloping line which 
represents the velocity distribution in the boundary layer. This appears 
to be the best method of determining (6 ), although its accuracy depends 
considerably on the graphical fitting of the average curves to the test 
points on the velocity diagrams» Within the range of accuracy of the data, 
the points representing Tests 1 and 2 appear to define a single curve. 
Points representing the low-discharge tests, k and £, however, define a 
lower curve. Average curves drawn through the test points indicate a rapid 
growth of the boundary layer over the shoulder and a slower growth over the 
roadway0 At station 1„6, which is only 0o07 feet upstream from the crown, 
Tests 1, 2 and £ show a deviation from an average value of (& ) which is 
not greater than the expected experimental error0 The measurement for 
Test k at this station is believed to be in error„ Thus, an average value 
of ( £ ) for the full range of discharge involved in figure 37(a) is about 
Oo32 inches or 0o027 feet. 
Equations for (£) as a function of (s) are readily derived from 
equations 31 and 32 in combination with equation 28„ Thus, for the condi-
tion that dU /ds = 0, which is the case of non-accelerated flow, 
* TT =0o20 
0 = 0o37 s (-22-) (3U) 
For the condition that dU /ds • U /s, 
n. -°o2° 
S = 0,1*2 i (J£-) (3*) 
Curves representing equations 3U and y-> (using values of (U) meas-
ured for Test 1 as typical) are shown on figure 37(a) for comparison with 
the experimental data» It is believed that, if equation 30 is assumed to 
37 
be a reasonably good expression for the growth of the boundary layer on 
the embankment surface, the theoretical curve corresponding to the test 
points would lie somewhere between the curves representing equations 3U 
and 3!>o Thus, if the form of the theoretical curve were known, it could 
be displaced to the left, as indicated by curve B on figure 37(b), until 
it fitted the experimental dataQ The virtual origin would then be indi-
cated as the abscissa of the origin of the transposed theoretical curve. 
However, the curves representing equations 3U and 35 both show a tendency 
to become asymptotic to a straight line which has a greater positive slope 
than the curves which join the experimental data. It is unlikely, there-
fore, that a theoretical curve which is similar in form to the curves for 
equations 3U and 35 would fit the test pointso To illustrate this conclu-
sion, the difference between a transposed theoretical curve (B ) and a 
test curve (A) is indicated in figure 37(b) as a shaded areac It is sug-
gested that the disagreement with theory represented by the shaded area 
is largely the result of the boundary-layer displacement and the associ-
ated disturbance due to the occurrence of a separation zone at the up-
stream side of the shoulder„ Such an effect was anticipated in Chapter 
III0 Unfortunately, the data available from the writer
ss experiments 
are insufficient to define either the size of the separation zone or its 
influence on the flow pattern„ 
An integrable function describing the convective acceleration in 
the region outside the boundary layer has been described as the second of 
the remaining prerequisites for integrating equation 30o Figure 36 shows 
the results of velocity measurements made outside the boundary layer for 
Tests 1, 2 and i|0 Straight lines fit the points for each of the three 
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tests, suggesting that the velocity in the potential zone varies directly 
with distanceo The circled points on figure 36 show values of (U) com-
puted on the basis of potential flow between the headwater and the em-
bankment, or 
U = \J2g (H - hg) , (36) 
where (h ) is the piezometric head referred to the crown at any distance 
s 
(s) from the origin• The good agreement between the computed and measured 
values of (U) over the roadway substantiates the assumption that the head 
loss in the region outside the boundary layer, between the headwater and 
the control section, is negligible• The lack of agreement between the 
two curves near the upstream end of the embankment probably reflects the 
influence of the curvilinear flow in this region on the pitot-static tube 
measurements. 
The straight lines on figure 36 for Tests 2 and k» representing 
the maximum and minimum discharges, respectively, are parallel.. The slope 
of these lines is dU/ds «• 0o0£8 units per secondo An approximate empiri-
cal expression for (U) for the full range of the tests is, therefore, 
U = Uo * S S = Uo + °°0*8 s> (37) 
where (U ) is the velocity at s - 0o Substituted in equation 30, equa-
tion yi would not yield a simply integrable expression. Although it is 
reasonable to believe that the integration could be accomplished by an ap-
proximation procedure, the lack of data regarding the location of the vir-
tual origin of the boundary layer is added reason to forego any attempt 
to integrate equation 30 at this time. 
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The Discharge Equation0—The proposed two-dimensional free-discharge equa-
tion, equation 19, involves the theoretical coefficient 3o0° and a correc-
tion term which depends on the relative magnitude of the discharge-dis-
placement, boundary=layer thickness at the crown„ For this equation to 
be of general significance it is necessary that it be possible to compute 
( $„) for all values of discharge and roughness and all forms and sizes of 
embankments. In the preceding section it is concluded that sufficient data 
are not available to substantiate a suggested approximate procedure for 
solving the boundary-layer equation. This indicates the need for an ex-
tension of the writer's work, of course„ It is nevertheless possible to 
test the validity of the discharge equation as it applies specifically to 
the writer's test conditions„ 
A check on the validity of equation 19 as an independent discharge 
equation involves the substantiation of the equation 
| - 3o09 (38) 
from equation 8 and 110 From equation 8, 
• - jfr- • 09) 
Also. 
k - 1 - | - ~ . (18) 
In these equations <5? , H, and (q) are independently measured experimen-
tal quantitieso Actually, of course, the writer's experiments did not 
involve a direct measurement of the unit discharge0 Because his tests 
Uo 
were performed in a three-foot-wide flume, not (q) but the total discharge 
(Q) was raeasuredo However, if (o ) is defined as the discharge-displace-
ment, boundary-layer thickness at the side walls, 
Q 
B ~ 2 K 
D 
(Uo) 
in which (B) is the measured width of the flume. The scope of the writ-
er's work did not include an investigation of the magnitude and influence 
of ( o, )o It might be assumed, however, that (o\) is commensurate with 
(cf«)o In a preceding paragraph a value of 0o027 feet was suggested as 
an average value of ( o9) for all of the boundary-layer measurements on 
the smooth-surface model„ From equation 28, the corresponding value of 
(dp) is approximately 00003 feeto The error in the computation of (q), 
therefore, is indicated by the ratio, 
QZB . 3 - 2(0.003) „ 0 8 = 
Q/(B -2 6*) 3 
In other words, the error in (q) which results from neglecting (S J is 
approximately 0o2 per cento This is considerably less than the experi-
mental error to be expected,. It follows that the values of (C) shown on 
figure 2£, which were computed without regard for the effect of the side-
wall displacement thickness, are used in the evaluation of equation 38. 
In the foregoing paragraph the value o « • 0o003 feet was se-
lected as an approximate, average value for Tests 1, 2, k and £<> If this 
value is substituted in equation 18, 
k - ( i - 2s§£ ) , (la) 
ia 
which was used for all Series E tests on the smooth-surfaced embankment. 
Only one boundary-layer traverse (Test 3) was made on the rough-
surfaced model, Series F„ For this test, from figure 3£(a), ( o J is 0o£li 
inches and (n) is estimated to be l/3olo From equation 2U, therefore, the 
corresponding value of (69) is O0132 inches, or 
k = ( 1 - ̂ |iZ. ) . (U2) 
JL 
As an approximation of the effect of (6 ?) on all tests with the rough 
boundary, equation U2 was used for the tests in Series Fe 
No velocity traverses were made to establish the boundary-layer 
characteristics for the Series G modelo It seems reasonable, however, to 
use equation Ul as an approximation for (k) for the tests made in this 
serieso The only difference in the models for Series E and G was in the 
embankment height (P), as shown in table 2o 
Values of the ratio C/k for all of the writer's free-discharge 
tests are shown on figure 38 as a function of (q)a The remarkably well-
defined curve for C/k • 3o0° at all but the lowest values of (q) is a 
gratifying substantiation of equation 19 within the limits of the experi-
ments made by the writer. It is suggested that the deviation at the lower 
discharges is due to the fact that the actual value of (o p) for these 
tests might be considerably less than the average values used in equations 
iil and l±2o Experimental data shown in figure 37(a) for Test k indicate a 
trend toward decreasing values of (d ) for decreasing values of (q)e Ad-
ditional data will be required to substantiate this trendo 
If the form of the boundary-layer equation represented by equations 
3h and 35 is assumed to be applicable to the highway embankment, and if 
U2 
such an equation could be derived by integration of equation 30 for the 
conditions of the writer's tests, it might be written, 
6 = A s (-2S-) (U3) 
in which (A) is a constant0 Equation u3 indicates that the boundary-layer 
thickness should increase as the Reynolds number, or the discharge, de-
creases o The opposite trend is indicated by the test results on figure 
37(a)* It is suggested that this contradiction is another influence of 
the separation zone which occurs near the upstream edge of the shoulder<> 
As the discharge decreases, the size of the separation zone can be expected 
to decreaseo As a result, the initial boundary-layer displacement at the 
separation zone also decreases„ It seems reasonable that this occurrence 
might explain the experimental evidence of lower values of (& ) for lower 
values of (q)D 
In view of the uncertainties regarding the influence of scale and 
roughness on (Jp), no attempt was made to check the validity of equation 
19 applied to the 1§6- and lsl2-scale tests data shown on figure 13• 
Submerged Discharge,—=The influence of submergence, in terms of the co-
efficient of discharge for free discharge, is shown on figures lit, 1$ and 
16 for Series A, B, and D tests« Similar data for Series E, F and G are 
shown on figures 26, 27 and 28. 
The ratio C /C„ is described in equation 33 as a function of P/h, 
e/h, h/Lr, t/h, and (R) or (q)Q A definite correlation with (q) is shown 
on figure lf>„ This conclusion is generally substantiated in figure lli, 
but the data for Series D, E, F and G show such a small spread that no 
h3 
such correlation is apparent. It appears from all of the available sub-
mergence tests that the influence of the h/L ratio is insignificant• 
Similarly, data from the Is6- and lsl2~scale tests appear to eliminate 
P/h and e/h as independent variables,. However, comparison of the aver-
age curves on figure 26, 27 and 28 indicates a significant influence due 
to both of these ratiose More experiments are needed to resolve the ap-
parent contradiction regarding the relationship between C /C« , P/h and 
e/fcu 
It is pertinent to observe that incipient submergence occurs at 
or near the point t/h • 0o8£ for all of the tests made in Series A to G, 
inclusive. 
Classification of the Free-Flow Transition Rangea—Figures 10 and 11 show 
summaries of data which define the transition range for surface or plung-
ing flow from the ls6- and lsl2-scale model tests« Similar data for the 
ls°-scale tests are shown in figures 29, 30 and 31° Figures 10, 29 and 
30 show the tailwater limits for the transition range as a function of 
(q)0 The curves for each test series are well-defined, but there is lit-
tle correlation between the different models. 
Figures 11 and 31 show the tailwater level in terras of the criti-
cal depth at the upper limit of the transition range• In these figures, 
as in those described in the preceding paragraph, the data for each series 
of tests define a curve, but the curves for the different models show no 
reasonable correlation with the known variables• A probable explanation 
for the apparent inconsistencies is suggested from the results of a few 
special tests, shown on figure 31(a), which were made after the comple-
tion of most of the writer's work° 
Ut 
All the unnumbered points shown on figure 31(a) for the Series E 
model are taken from the results of tests made in one period shortly after 
the construction of the ls°-scale model was completed., Subsequently, in 
preparing the model for the boundary-layer measurements, the surface of 
the model was smoothed and polished„ At this time it was discovered that 
swelling of the plywood used for the embankments had caused an edge of the 
downstream embankment surface to project above the downstream edge of the 
shoulder plate» The projection was removed, therefore, before an addi-
tional, needed transition-range test was made0 The result of this test 
is shown as point 1 on figure 31(a)0 Because this point was so far re-
moved from the average curve, a check test was madeo This point is shown 
as point 2, which appears to substantiate the experimental accuracy of 
point lo It was then suggested that the removal of the small shoulder 
projection might have accounted for the discrepancy between points 1 and 
2 and all the other data shown on this figure.. Thus, a third test was 
made with a straight wire of 0©0°-inehes diameter fastened to the down-
stream edge of the shouldera The result of the test is indicated on 
figure 31(a) as point 3. 
The three special tests are also shown on figure 2°, and the marked 
influence due to the shoulder projection is apparent• It is concluded, 
therefore, that the limits of the transition range are appreciably af-
fected by the form of the downstream shoulder0 Of course, because the con-
trol section is at or near the crown, the free-discharge coefficient is 
unaffected by such slight variations in the geometry of the downstream 
side of the embankment. 
Figure 12, based on the Series A, B, C and D tests, shows data 
which define the relationship between the depth at the crown and the 
U5 
computed critical depth (equation 5)° For all of the tests, and espe-
cially for the Series D tests—which are believed to be the most accu-
rate—the ratio is remarkably close to 100 over the range of conditions 
tested. This agreement with one of the basic assumptions is doubtless 




1„ Experiments on a single form of embankment have substantiated the 
free-discharge equation 
q - 3.09 ( i - 1 ^ r
 ) H 3 / 2 (19) 
where (<$„) is the discharge-displacement boundary-layer thickness 
at the crown and (H) is the total head measured with respect to the 
level of the crown„ 
2» Additional experimental data are required in order to be able to com-
pute ( SJ) for all forms and sizes of embankments „ To the extent 
that these data become available, equation 1° will become a general, 
semi-analytical equation of dischargee 
3o Data are especially needed (a) to define the magnitude and nature of 
the influence of the separation zone which forms at the intersection 
of the upstream embankment and shoulder surfaces, (b) to establish 
the virtual origin of the boundary-layer, (c) to determine an inte-
grable expression for the convective-acceleration term of the bound-
ary-layer growth equation, and (d) to describe the influence of 
boundary roughness. 
Uo The velocity distribution in the boundary layer over the roadway can 
be described by a 1/7-power equation<> 
5o The influence of submergence is primarily a function of the tail-
water-head ratioo Minor influences are related to the embankment-
U7 
height-head ratio and the relative-roughness ratio. The point of 
incipient submergence occurs, in general, when the tailwater head 
(t) is about 0o8£ times the upstream piezometric head (h). 
60 The upper and lower tailwater limits which define the transition 
from plunging flow to surface flow are well defined for a given 
modelo The transition range is very sensitive to small details 
of form on the downstream shoulder,, 
U8 
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Symmetrical about j£ 
Basic Embankment Section. 
P = 10.5 ft (except Series G) 
P = 5-25 ft (Series G) 
L = 6 ft - 0 in. 
s 
L = 18 ft - 0 in. r 
S = 1 on 2 
e 
S = 4-1/2 in. on 6 ft s ' 
S = 1-1/2 in. on 9 ft 
(all dimensions shown as 
in prototype) 
Fig. 1. DEFINITION OF BOUNDARY VARIABIES. 
Fig. 2. DEFINITION OF FLOW VARIABLES. 
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Figure 3 . General View of 1:6-Scale Model. 
Figure 4 . General View of l : 12 -Sca l e Model. 
////muz// 
(a) Plunging (Free) Flow. 
~'//AW/7, 
/V/xwwv//// 
("b) Surface (Free) Flow. 
F i g . 5 . SUB-CLASSIFICATION OF FIJEE FLOW. 
53 
(a) FREE (SURFACE) FLOW AT THE UPPER LIMIT OF THE TRANSITION RANGE. 
" i » HI i i r - j - ' 
k 
t 
(b) INCIPIENT SUBMERGENCE, SURFACE FLOW. 
(c) FREE (PLUNGING) FLOW AT THE LOWER LIMIT OF THE TRANSITION RANGE. 
Figure 6. Flow Over the Embankment. (Ser ies B, q = 1.58 c f s / f t ) . 
Horizontal Distance in Feet 






(a) Series B, q. = 0.205 cfs/ft 
(a) Submerged flow 
(b) Incipient submergence 
(c) Upper limit of transition range (surface flow) 
(d) Lower limit of transition range (plunging flow) 
(e) Free flow (plunging) 
Crown level 
(b) Series B, q. = I.582 cfs/ft 








(a) FREE FLOW. 
(b) FREE (PLUNGING) FLOW AT THE UPPER LIMIT OF 
THE TRANSITION RANGE. 
(c) FREE FLOW AT THE UPPER LIMIT OF THE TRAN-
SITION; CHANGING FROM PLUNGING TO SURFACE 
FLOW. 
(d) FREE (SURFACE) FLOW AT THE UPPER LIMIT OF 
THE TRANSITION RANGE. 
(•) FREE (SURFACE) FLOW, BETWEEN THE UPPER LIMIT 
OF THE TRANSITION AND INCIPIENT SUBMERGENCE. 
(f) INCIPIENT SUBMERGENCE. 
Figure 8. Changing Flow Pattern With Rising Tailwater. (Series B, 
q = 1.00 cfs/ft). 
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(a) SUBMERGED FLOW, t A = 0.94. 
(b) FREE (SURFACE) FLOW AT THE LOWER LIMIT OF 
THE TRANSITION RANGE. 
(e) SAME AS (b), WITH DYE INJECTION. 
(d) FREE FLOW AT THE LOWER LIMIT OF THE TRAN-
SITION; CHANGING FROM SURFACE TO PLUNGING 
FLOW. 
(•) FREE (PLUNGING) FLOW AT THE LOWER LIMIT OF 
THE TRANSITION RANGE. 
Figure 9. Changing Flow Pattern With Falling Tailwater. (Series B, 
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q = Discharge in cfs/ft 
Fig. 10. DEFINITION OF FREE-FLOW TRANSITION RANGE. 
Tail water Level at Upper Limit 
of Transition Kange — 
(a) Definition Sketch for Figures 11 and 12, 
1.2 
q. = Discharge in cfs/ft 
("b) Eesults of Test Series B and D. 
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I = 1.679 
1*6-Scale Model 
0.85 0.90 0.95 
t / h = Tailwater-Subiaersence Ratio 
1.0 
Fig. 14. SUBMERGED DISCHARGE, SERIES A. 
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Legend 
T q = 0 .115 c f s / f t 
x q = 0 .205 
v q = 0 .468 
0 q = 0 .680 
0 q = 1.000 
* q = 1.210 
+ q = 1.590 " 
x q = 1.580 
4 q = 1.701 
1 : 6 - S c a l e Model 



















































t / h = Tailv7ater-Suhmergence R a t i o 
F i g . 1 5 . SUBMERSED DISCHARGE, SERIES B. 
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Fig. 16. SUBMERGED DISCHARGE, SERIES D. 
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Fig. 17. DEFINITION SKETCHES .FOR DISCHARGE AND BOUNDARY LAYER EQUATIONS. 
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F i g . 18 . GENERAL ARRANGEMENT OF EXPERIMENTAL EQUIB1ENT. 


















o Longitudinal csnterline of flume 
o 0.5 foot from left wall, looking downstream 
A 0.5 foot from right wall 
Note: All measurements made in section at 
upstream toe of embankment 
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Pig. 20. VELOCITY DISTRIBUTION IN THE PLUME. 
Figure 21. Point Gage and P i to t -S t a t i c Tube. Figure 22. Manometer for the P i to t -S t a t i c Tube CD 
Figure 23. Stagnation Tube for Boundary Layer 
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t/b. = Tailwater-Submergence Eatio 
Fig. 28. SUBMERGED DISCHAEGE, SERIES G. 
q = Discharge in cfs/ft 
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F i g . 30 . DEFINITION OF FREE-FLOW T^NSITION RANGE, 
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Fig. 32. VELOCITY T R A V E R S E S , T E S T I 
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